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AN ADAPTIVE GRID METHOD AND ITS APPLICATION
TO STEADY EULER FLOW CALCULATIONS∗
FENG LIU† , SHANHONG JI† , AND GUOJUN LIAO‡
Abstract. An adaptive remeshing procedure based on a cell volume deformation method is
presented. Starting with an initial grid, this method offers direct cell volume control through the
specification of the transformation Jacobian. Grid points are moved with appropriate grid velocities
so that the specified cell volume distribution can be achieved at the end of the grid movement without
adding or removing grid points. The grid velocities are determined by solving a scalar Poisson
equation. This method is applied to solving the compressible Euler equations. Computational test
cases of transonic flow over an airfoil are presented and demonstrate the desired control of grid sizes
across shock waves.
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1. Introduction. Generation of a suitable computational grid is the prerequisite
for solving partial differential equations (PDEs) with either a finite volume or a finite
difference method. Fixed grids have been widely used. With a fixed grid approach
grid points are distributed in the physical domain before the solution is known. As
a result, the grid may not be the best suited for the particular problem. The idea
of an adaptive grid is to add, delete, or have the grid points move as the physical
solution develops so that grid points may be concentrated in regions of large variation
to enhance accuracy, and they may also be coarsened where the solution has little
variation in order to achieve better efficiency.
For the general theory of grid generation, we refer the readers to the books [1, 2,
27]. Many structured or unstructured grid adaptation methods use local refining or
coarsening by adding or removing grid points [3, 4, 5, 6, 7]. Reference [8] combined
a grid moving algorithm (based on an algebraic method) and local grid refinement to
solve time dependent PDEs. While such methods are very flexible in the sense that
they are minimally constrained by the geometry of the problem to be solved, a distinct
drawback is that the data structure of the grid and consequently that of the flow solver
have to be adjusted every time the grid is adapted. Grid adaptation through moving
grid point locations without adding or removing local grid points offers the advantage
of not having to adapt the data structure of the flow solver. One may perceive this
approach as one that optimizes grid distribution with a given total number of grid
points. As such, more accurate solutions can be achieved with minimum change to
an existing flow solver. This paper describes a deformation method for generating
adaptive grids of this kind.
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To adapt computational grids to the evolution of flow solutions one has to have
an effective grid generator that offers good control of the grid points. Strategies for
grid generation include algebraic and PDE schemes. Algebraic methods use various
sophisticated interpolation procedures. While some success has been attained with
algebraic methods such as transfinite interpolations, the lack of flexibility in treating
different geometry is a major disadvantage. A prominent PDE grid generation technique evolved from the initial work by Winslow [9] where the idea of using Laplace’s
equation to compute solutions for grid point locations was introduced. Thompson,
Thames, and Mastin [10] introduced source terms to control mesh point locations in
1974. Since then grid generation based on elliptic PDEs has become very popular and
successful.
In a grid adaptation method for structured grids without adding or removing
grid points, adaptation is achieved through moving the grid points toward the desired
locations. Changes in the mesh point locations can be controlled by two methods. In
the first method, the arc elements forming the sides of a control volume are directly
related to specified functions. For a three-dimensional problem, this implies that
three arc elements need to be given. In the second method, the cell volume may be
altered by specifying that the volume of each element change according to a specific
rule. To control the cell size, only one relationship must be specified that relates
the volume to the quantity responsible for changes in the mesh. The specification of
only one control function is an advantage in simplicity but may be less flexible than
independently controlling arc lengths.
Anderson and Steinbrenner [11] and Anderson [12] used Thompson’s elliptic
method as an adaptive grid generator. They derived explicit relations between arc
length and the source terms of the Poisson equations. Grid control functions were
modified to produce grids that approximately obey arc equidistribution laws. A weight
function was required for each direction. In an attempt to reduce the number of
controls or weight functions Anderson [13] showed that the diffusion parameter in
Winslow’s grid generation equations [9] was approximately proportional to local cell
volume or area. The grid control functions in the standard Poisson grid generator
could then be related to the diffusion parameter. Therefore, local cell volumes of
the grid could be approximately enforced and related to the solution of the physical
problem. As the physical solution evolves, the grid can be recomputed, providing
grid point placement with prescribed cell volumes. Although this method offers minimum modification to their existing flow solver and elliptic grid generator, it has to
solve a system of nonlinear elliptic equations every time the grid is adapted. Possible
crossover of grids may also occur for certain source term distributions. Moreover, the
cell volume size is only approximately satisfied.
In 1992, Liao and Anderson [14] proposed a new grid generation method based
on studies by Moser [15], Banyaga [16], and Dacorogna and Moser [17] on volume
elements on a Riemannian manifold. In this new approach a grid can be constructed
by moving the grid points such that specified cell volumes can be achieved exactly.
The grid points are moved according to a velocity field that can be determined by
solving one linear Poisson equation, instead of a system of nonlinear elliptic equations
needed in the approach by Anderson [13]. Furthermore, the mathematical principles
behind this method guarantee that grid lines of the same grid family will not cross
each other. This method appears to be very attractive for generating adaptive grids.
In Liao and Anderson [14] the transformation Jacobian, and consequently the cell
volumes, were specified on the old grid before adaptation. For use in a grid adap-
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tation method, it is desirable to specify the cell volumes as functions of the physical
coordinates of the new adapted grid locations. Liao, Pan, and Su [20] modified the
original results of Dacorogna and Moser [17] so that cell volumes can be specified as
functions of the new grid after adaptation. The method was further extended into a
real time moving grid method by Liao and coworkers. In particular, Semper and Liao
[19] used the moving grid method for one-dimensional unsteady problems. Simple
examples of two-dimensional rectangular domains such as the pillbox problem and an
artificially designed solution discontinuity resembling a shock were given by Liao, Pan,
and Su [20] and Bochev, Liao, and de la Pena [21]. In this paper we will extend the
use of this method to general two-dimensional domains with a numerical algorithm
for solving the grid generation equations. The effectiveness of this method will be
demonstrated for practical transonic flows by coupling the grid generation method
with a finite volume flow solver for the steady compressible Euler equations.
In the following sections, the mathematical basis for the deformation approach of
adaptive grid generation is presented first. We will then describe the numerical algorithms for solving the deformation equations in general domains. The flow solver for
the Euler equations will be outlined along with the grid adaptation procedure. Examples including transonic flows over an airfoil will be given to illustrate the application
of the method in two dimensions.
2. Mathematical formulation of the deformation method. A deformation
scheme was first introduced by Moser in [15] in his study of volume elements of a
compact Riemannian manifold. His method was modified in [20] for grid generation.
In particular, the following problem was solved by a constructive method.
Problem: Let Ω ⊂ Rn be a bounded region with smooth boundary ∂Ω, let f (x)
be a smooth function in Ω such that f (x) > 0 : Ω → R satisfies

Z 
1
(1)
− 1 dx = 0.
f
Ω
Find a one-to-one and onto transformation φ : Ω → Ω satisfying
det ∇φ(x) = f (φ(x)),

(2)

φ(x) = x,

x ∈ Ω,
x ∈ ∂Ω.

Notice that in the above transformation x can be regarded as the coordinates of
an initial grid and φ the coordinates of the new adapted grid. The function f (φ(x))
is the transformation Jacobian, or in other words the cell size of the new grid. Hence,
the solution of the problem allows us to specify the cell size distribution according to
the location φ(x) of the new grid cells.
φ can be constructed by the following steps.
Step 1. Construct v : Ω → Rn such that v solves
∇ · v(x) = h(x) − 1,

(3)

v(x) = 0,

x ∈ Ω,

x ∈ ∂Ω,

1
f (x) .

where h(x) =
Step 2. Solve, at a fixed x ∈ Ω, the deformation equation
(4)

d
ϕ(x, t) = η(ϕ(x, t), t),
dt
ϕ(x, 0) = x,

0 < t < 1,
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where t is an artificial time parameter and the deformation vector field η is defined
by
(5)

η(y, t) =

−v(y)
.
(1 − t) + th(y)

Step 3. Set
(6)

φ(x) = ϕ(x, 1).

Then φ satisfies (2). In fact, Appendix A of [20] shows by direct computation that
H, defined by
H(t, x) = det ∇ϕ(x, t)[(1 − t) + th(ϕ(x, t))],
is independent of the parameter t. Consequently, we have
H(0, x) = H(1, x),
which is equivalent to
h(ϕ(x, 1)) det ∇ϕ(x, 1)) = det ∇ϕ(x, 0),
i.e.
h(φ(x)) det ∇φ(x) = 1.
Therefore,
det ∇φ(x) = f (φ(x)),

x ∈ Ω.

Notice that this transformation then yields exactly the prescribed Jacobian, or in other
words, the specified cell volume. In our adaptive grid method for fluid flow problems,
monitors for the flow field are designed to yield a desired cell volume distribution and
then the above method is used to move the grid points for better resolution of the
flow field. An Euler flow solver based on a finite volume method for steady flows with
multigrid [22] is coupled with this grid adaptation scheme. The flow solver will be
described in section 4.
3. Numerical solution of the deformation equations. From the previous
section, the transformation φ(x) can be constructed in three steps. In the first step,
equation (3) can be solved by expressing v as the sum of the gradient of a single
valued potential function w and the curl of another real valued function b, so that we
have
(7)

v = ∇w + curl ∗ b,

where the curl ∗ b term is defined as
curl ∗ b =



∂b
∂b
,−
∂x2
∂x1



in two dimensions and is the standard curl in three dimensions. This term was added
to insure that boundary points remain fixed in [17]. However, in many applications of
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Fig. 1. General curvilinear grid on physical plane.

Fig. 2. Uniform grid on transformed computational plane.

adaptive gridding strategies, the boundary points are left free to move. And, in fact,
the general case would seem to need point motion along boundaries with the exception
that some special points such as corner points may be fixed. In the computation of
this paper, the curl ∗ b term is neglected, and the boundary points are allowed to move
along the boundary line with corner points fixed. Since curl ∗ b is divergence-free, the
problem may then be written in terms of the potential as
(8)

∇2 w = h(x) − 1,

x∈Ω

subject to the Neumann boundary conditions
∂w
= 0,
∂n

x ∈ ∂Ω.

For simple geometry such as a square box or an annulus, the above Poisson equation with the Neumann boundary conditions can be solved analytically as was done
by Liao and Anderson [14]. For complex geometries, however, equation (8) must
be solved numerically on curvilinear grids. In this paper, we use a finite difference
method with central differencing and successive line over relaxation (SLOR). Figure 1
shows a general curvilinear grid around an airfoil. In order to solve (8), the physical plane (x, y) in Figure 1 is transformed to a computational plane (ξ, η) shown in
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Figure 2 through the relations
(9)

(

x = x(ξ, η),
y = y(ξ, η).

Equation (8) can be written in standard tensor notation on the curvilinear system
(ξ, η) as





∂ √ ξ
∂ √ η
1
2
ξ ∂w
η ∂w
ξ ∂w
η ∂w
+
gg · g
gg · g
+g
+g
∇ w= √
g ∂ξ
∂ξ
∂η
∂η
∂ξ
∂η
(10)
= h(ξ, η) − 1,
where g ξ and g η are the contravariant basis vectors

and

√

g ξ = (ξx , ξy )T ,

g η = (ηx , ηy )T ,

g is the transformation Jacobian
√
g=

∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

.

Equation (10) can be discretized on the computational plane with a uniform grid
by the finite difference scheme
h
nq
i
(g)i+ 12 ,j g ξi+ 1 ,j · g ξi+ 1 ,j ( ∂w
)i+ 12 ,j + g ηi+ 1 ,j ( ∂w
)i+ 12 ,j
(∇2h w)ij = √ 1
∂ξ
∂η
(g)ij
2
2
2
i
h
q
ξ
∂w
1
1
)
+
g
(
)
− (g)i− 12 ,j g ξi− 1 ,j · g ξi− 1 ,j ( ∂w
1
i−
,j
i−
,j
∂ξ
i− 2 ,j ∂η
2
2
2
2
i
h
q
η
∂w
(11)
1 + g
1
)
(
)
+ (g)i,j+ 12 g ηi,j+ 1 · g ξi,j+ 1 ,j ( ∂w
1
∂ξ i,j+ 2
i,j+ 2 ∂η i,j+ 2
2
2
h
io
q
η
∂w
1
1
− (g)i,j− 12 g ηi,j− 1 · g ξi,j− 1 ( ∂w
∂ξ )i,j− 2 + g i,j− 1 ( ∂η )i,j− 2
2

2

2

= hij − 1,
∂w
1
1
where ( ∂w
∂ξ )i− 2 ,j , ( ∂η )i− 2 ,j , etc., are to be approximated by standard central differencing formulas on the computational domain. Equation (11) is then solved by the
standard SLOR method.
In Steps 2 and 3, the deformation equations form a series of ordinary differential
equations (ODEs), a standard fourth-order Runge–Kutta scheme is used to integrate
from the initial point, and the time step used is 1/20.

4. Numerical solution of the Euler equations. The two-dimensional compressible Euler equations can be written in integral form as
Z
I
∂
(12)
W dV +
[E dSx + F dSy ] = 0
∂t Ω
∂Ω
for a fixed region Ω with

ρ
 ρu

W=
 ρv
ρE

boundary ∂Ω,







,




,




E=


ρu
ρuu + p
ρuv
ρuH




F=


ρv
ρuv
ρvv + p
ρvH




,
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where p, ρ, u, v, E, and H denote the pressure, density, Cartesian velocity components, total energy, and total enthalpy. For a perfect gas,
1
p
+ (u2 + v 2 ),
(γ − 1)ρ 2

E=

p
H=E+ ,
ρ

where γ is the ratio of specific heats.
Jameson, Schmidt, and Turkel [23] developed a finite volume method with multigrid for solving the above equations. In this method, equation (12) is applied to each
cell of the computational grid, for example, the shaded cell marked by its upper right
corner index (i, j) in Figure 1. A system of ODES is then obtained by approximating
the surface integral of (12) by a finite volume scheme. This yields a semidiscrete
equation
d
(Ωij Wij ) + Qij = 0,
dt
where Ωij is the cell volume, Wij is the average flow variable over the cell, and Qij is
the finite volume approximation for the net flux out of the cell. Qij can be evaluated
as
(13)

(14)

Qij =

4
X

[Ek (∆Sx )k + Fk (∆Sy )k ],

k=1

where Ek and Fk denote values of the flux vectors E and F on the kth face of the
cell, and (∆Sx )k and (∆Sy )k are the x and y components of the face area vector. Ek
and Fk can be evaluated by taking the averages of E and F, respectively, on either
side of the cell face.
The scheme constructed in this manner reduces to a central difference scheme
on Cartesian grids and is formally second-order accurate in space. For a fixed Ωij ,
equation (13) can be written as
dWij
+ Rij (W) = 0,
dt

(15)
where Rij is the residual

Rij (W) =

1
(Qij − Dij )
Ωij

and Dij is an artificial dissipation term which is added to prevent odd and even
decoupling and to capture shock waves without oscillations in a transonic flow field.
Dij is of higher order than the convective term Qij except near shock waves where
first order is needed to prevent nonphysical oscillations across shocks.
Equation (15) is integrated in time by an explicit multistage scheme. Let Wn be
the value of Wij after n time steps. Dropping the subscripts i, j, a general m-stage
hybrid scheme to advance a time step ∆t can be written as
W(0)

= Wn ,

W(1)

= W(0) − α1
∆tR(0) ,
···
W(m−1) = W(0) − αm−1 ∆tR(m−2) ,
W(m)

= W(0) −

Wn+1

= W(m) .

∆tR(m−1) ,
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For time-accurate problems, the coefficients αm can be chosen to obtain desired order
of accuracy in time. For steady state calculations, time marching is used to reach the
steady state solution as fast as possible so that αm can be optimized to yield the best
convergence rate rather than trying to maintain high order of time accuracy. For our
calculations we use a five-stage scheme with the coefficients
α1 =

1
,
4

α2 =

1
,
6

α3 =

3
,
8

α4 =

1
.
2

In order to further increase the rate of convergence to steady state, locally varying
time steps, residual averaging, and multigrid methods are used. The readers are
referred to Jameson, Schmidt, and Turkel [23]; Jameson [24]; Liu and Jameson [25];
and Liu and Ji [22] for the details of the finite volume discretization, time marching
and the multigrid method, and the various well-validated computational results by
this method for two- and three-dimensional transonic flows over airfoils and through
turbomachinery cascades.
5. Application and numerical results.
5.1. Deformation from uniform grid. For simplicity of presentation, a twodimensional square domain is chosen to demonstrate the deformation method.
Let Ω = (0, 1)2 . We start from a uniform mesh with 57 × 57 grid points. We
want to construct a coordinate transformation φ : Ω → Ω such that the adapted grid
concentrates points around the circle (x − 0.5)2 + (y − 0.5)2 = 0.22 . The nodes are
deformed to a new grid with the following prescribed cell sizes.
Define f :

A
if 0 ≤ r < a,



r−a


A
+
(B
−
A)
if
a ≤ r < b,
b−a
1
=
r−b

f
B + (1 − B) 0.25−b
if b ≤ r < 0.25,




1
if r ≥ 0.25,
where
r = |0.20 −
a = 0.05,

p

(x − 0.5)2 + (y − 0.5)2 |,

b = 0.1,

A = 1.5,

B = 0.625.

The corresponding φ satisfies (2). Figure 3 shows the contours of the analytically
defined f in the domain. Figure 4 shows the grid after deformation. It can be seen in
Figure 4 that the grid cell sizes are much small near the circle (x − 0.5)2 + (y − 0.5)2 =
0.22 so the grid points are concentrated as designed. Figure 5 is the contour plot of
the grid size distribution of the calculated grid. Clearly, it agrees with the specified f
function contours shown in Figure 3. This demonstrates that the computed grid does
yield the desired cell sizes as specified by the function f .
5.2. Euler flow over an airfoil. The cell volume control method is applied
successfully to calculating transonic Euler flows with shock waves. The method is
applied to computing the flow field over an airfoil. Figure 6 shows the initial C-mesh
of an NACA0012 airfoil (see, for example, reference [26] for the geometric definition
of the airfoil). This grid is obtained by an algebraic method based on transfinite
interpolation (see, for example, reference [1]). Two flow cases were calculated over
the initial grid. The first is a transonic case with free stream Mach number M∞ = 0.85
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Fig. 3. Contours of the specified Jacobian.

Fig. 4. Grid based on the specified Jacobian.

Fig. 5. Contours of the cell areas of the computed grid.
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Fig. 6. Mesh around NACA0012 airfoil without adaptation.

Fig. 7. Mach number contours of transonic flow around NACA0012 airfoil computed on grid
without adaptation.

and an angle of attack α = 1◦ . Figure 7 plots the Mach number contours computed
on the initial unadapted grid shown in Figure 6. The Mach number levels of the
plotted contour lines are listed on the left of the figure. There is one strong shock
wave on the upper side of the airfoil and a weaker one on the lower side. It can be
seen from Figure 7 that the computed shock waves are rather thick. Shock waves
are fronts of large gradients in the flow field. In fact, a theoretical shock should have
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Fig. 8. Mesh around NACA0012 airfoil after adaptation for transonic flow calculations.

zero thickness in the inviscid limit. To get better computational results, particularly
to capture the shock waves more accurately, one would like to concentrate grid points
around the shock waves. The deformation method is applied to get a new grid with
prescribed distribution of cell sizes based on gradients of the flow field. The adaptive criterion here is to detect the shock waves. This suggests choosing the monitor
function f of the form
(16)

1
= C1 (1 + C2 ∇P ),
f

where P is the pressure and C1 and C2 are constants. In the computation, C2 = 20,
and C1 is determined by satisfying equation (1). Figure 8 shows the new grid after
adaptation based on the above criterion. It can be seen that grid points are clustered
closely in the areas where the two shock waves occur, although grid lines are somewhat
skewed in the clustered regions because the deformation method does not guarantee
orthogonality. However, since our flow solver is based on a finite volume scheme
which does not require the use of an orthogonal grid, we are content with the locally
reduced cell sizes. Figure 9 shows the Mach number contours calculated on this new
grid. Clearly, much better shock wave resolutions are obtained with the new adapted
grid. The computed shock waves are better defined than those computed on the initial
unadapted grid.
The computation is done on a mesh with 161 × 49 grid points. The Euler flow
solver takes 1160 seconds on an SGI Indigo 2 with a 150 MHz R4000 CPU to reach
convergence with 7 orders of magnitude reduction in the root-mean-squared residuals.
Since the grid adaptation scheme using the proposed deformation method does not
add or subtract grid points and it does not change the data structure of the flow
solver, the computational effort for the flow solver is the same with or without the grid
adaptation. The grid adaptation procedure takes 180 seconds on the same machine,
only a fraction of the computational time for the flow solver. Most of that time is
spent on solving the Poisson equation to obtain the grid deformation velocity. We
maintain a residual reduction of 8 orders of magnitude for the SLOR solution of the
Poisson equation. In practice, it is not necessary to reach such a low level of residuals
for the Poisson solver. Consequently, the time for the grid adaptation can be further
reduced.
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Fig. 9. Mach number contours of transonic flow around NACA0012 airfoil computed on adapted

Another test case is the supersonic flow over the same airfoil with a free stream
Mach number M∞ = 1.5, and α = 0◦ . Figure 10 shows the Mach number contours
computed on the initial unadapted grid (Figure 6). As can be seen, a strong bow
shock wave appears in front of the airfoil leading edge. In addition, there are two
weak shocks emanating from the trailing edge of the airfoil. By applying the above
adaptive grid procedure to the same initial grid in Figure 6, a new grid shown in Figure 11 is generated by the deformation method. Grids are automatically concentrated
where the bow shock appears. Clustering of grid points around the weaker trailing
edge shocks are less obvious in Figure 11 because the shocks are not strong enough
to increase adequately the adaptation function f1 in equation (16). Figure 12 shows
the Mach number distribution computed on the adapted grid. It can be seen that
a sharper front of the bow shock is captured compared with that on the initial unadapted grid. The resolution of the two trailing edge shocks is also slightly increased.
The computational time needed for the grid adaptation and the flow solver for the
supersonic case is the same as that for the transonic case.
6. Concluding remarks. The deformation method of grid generation is a structured grid generator which controls the cell size directly and precisely. The adaptive
remeshing procedure moves each node from an initial grid to a new position according
to a system of n ODEs, where n is the spatial dimension. The control over the cell size
is achieved by making the Jacobian determinant equal to a positive monitor function,
which is constructed according to the fine structures of the flow.
The application of this method to grid adaptation for Euler flows demonstrates
that the cell control deformation method is an effective scheme to obtain sharp resolution of flow features with large gradients such as shock waves. Grid points are
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Fig. 10. Mach number contours of supersonic flow around NACA0012 airfoil computed on grid
without adaptation.

Fig. 11. Mesh around NACA0012 airfoil after adaptation for supersonic flow calculations.

automatically clustered around shocks without adding extra grid points and changing
the data structure of the flow solver. Therefore, the resolution of shocks or other
sharp fronts can be greatly improved with only a small increase in computation time
needed for adapting the grids. Currently, the authors are working on applying the
real time deformation this method to dynamic grid adaptation for time dependent
PDEs.
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Fig. 12. Mach number contours of supersonic flow around NACA0012 airfoil computed on
adapted grid.
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