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Analyses are presented for the stability of a symmetric vortex pair over slender
conical bodies in inviscid incompressible flow under small perturbations at high angles of
attack. The bodies considered include circular cones and highly swept flat-plate wings
with and without vertical fins, and elliptic cones of various eccentricities. The threedimensional problem is reduced to a vortex stability problem for a pair of vortices in
two-dimensions by using the conical flow assumption, classical slender-body theory, and
postulated separation positions. The stability of vortices is then analyzed by a new
method presented in a companion paper by the same authors. It is shown that the vortex
asymmetry over a circular cone at high angles of attack is a result of the vortex instability
under small anti-symmetric perturbations. There exists an intermediate cone with a finite
thickness between the thick circular cone and the thin flat-plate delta wing, for which the
symmetric vortices change from being unstable to being stable at a given angle of attack.
The effects of the fin height and the separation position on the stability of the vortices
are studied. Results agree well with known experimental observations.

I.

Introduction

flow asymmetry.

Separation vortices over highly-swept wings and
slender bodies at high angles of attack are known to
greatly increase the lift coefficient. However, the initially symmetric vortices may become asymmetric as
the angle of attack is increased beyond a certain value,
causing large rolling moments in the case of swept
wings or large side forces in the case of slender bodies
even at zero roll and yawing angles. The transition
of the vortex pattern from being symmetric to asymmetric is of major importance for the performance and
control of aircraft and other flight vehicles capable of
extreme maneuvers. Much experimental, theoretical
and computational work has been spent on the understanding, prediction, and control of the onset of vortex
asymmetry (Ericsson and Reding 1 1992). The basic
physical mechanism of this transition, however, is not
clear. At least two possible causes for the vortex asymmetry were suggested mainly based on experimental
investigations: (1) inviscid hydrodynamic instability
of the symmetrically separated vortices (Keener et al. 2
1977); (2) asymmetric flow separation and/or asymmetric flow reattachment on each side of the body
(Ericsson3 1992). There is at present no general agreement on the mechanism involved in the creation of the
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Bird4 (1969) and Polhamus5 (1971) reported that the
initially symmetric leading-edge vortices over slender
delta wings became asymmetric at some high angle
of attack before vortex breakdown occurred on the
wing. However, Stahl et al.6 (1992) revealed that no
strongly asymmetric vortex flow was observed before
vortex breakdown occurred on the wing in their water
tunnel and wind tunnel experiments, and pointed out
that the earlier observed onset of vortex asymmetry by
Bird4 (1969) was possibly related to different shapes
in the leading edge of the delta wing models. The flatplate wing model of Stahl et al.6 (1992) has sharp
edges, and the flat-plate wing model of Bird4 (1969)
has rounded leading edges. Stahl el al. conjectured
that Bird’s wing probably had near the apex the shape
of a more or less thick elliptic cone rather than a thin
flat-plate wing. However, Lim et al.7 (2001) showed
that the shape near the apex may not be wholly responsible for the vortex asymmetry by a water-tunnel
test of flat plate wings of ogive-shaped planform with
different tip and edge geometries, and that the edge
geometry also played a crucial role. Ericsson3 (1992)
claims that the vortex asymmetry observed by Shanks 8
(1963) over slender flat-plate wings was likely caused
by the asymmetric reattachment of the leading-edge
separated flow on the leeside of the Shanks’ models.
There was a centerline spline mounted on the leeside
of the flat-plate delta wing model of Shanks. Ericsson
argued: “The reattaching flow can not find a stable
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stagnation point on the top of the centerline spline.
As a result, the stagnation point move to one side of
the centerline spline, forcing an asymmetry into the
cross flow separation geometry, resulting in asymmetric leading-edge vortices.”
It was found that the leeside vortex flow asymmetry
over bodies of revolution could be suppressed by means
of a fin between the vortices (Stahl9 1990 and Ng10
1990) or by flattening the nose into the elliptic cross
section (Edwards 1978).11
Using numerical methods and the vortex line and
vortex sheet models of inviscid and incompressible flow
Dyer et al.12 (1982) and Fiddes et al.13 (1989) found
asymmetric solutions as well as symmetric solutions
for the vortex flow over slender conical bodies even
though the separation lines were postulated symmetrically. These and many other numerical investigations
suggested that the appearance of vortex asymmetry is
an inviscid phenomenon (for example Lowson et al. 14
1992, Fiddes15 1980).
Much work has been focused on experimental observation or numerical computation of the vortex motions behind slender bodies. There are only a few
reports on the stability analysis of such systems. Using an inviscid incompressible model, Föppl16 (1913)
showed analytically that the vortex pair behind a
circular cylinder can be stationary and is unstable
under small anti-symmetric perturbations. Smith et
al.17 (1975) showed that a vortex pair behind a twodimensional flat-plate can not be stationary. In the
three-dimensional flow, Huang et al. (1996)18 showed
by an analytical method that the vortex pair over a
slender flat plate delta wing can be stationary and is
stable under small perturbations for angles of attack
up to about two times the semi-apex angle of the wing.
The authors of this paper derived a new general
stability condition for two-dimensional vortex flows
in a companion paper (Cai et al.19 2001). This
condition can be easily tested either analytically or
numerically. We here extend the use of this newly
developed stability condition to the study of threedimensional symmetric vortices over slender conical
bodies at high angles of attack. Following a summary of the two-dimensional vortex stability conditions, a conical flow theory is presented in this paper.
The three-dimensional potential flow over slender conical bodies can be reduced to the solution of a twodimensional problem in the conical coordinate system.
This theory along with the two-dimensional vortex stability condition are subsequently applied to investigate
the stability of the initially symmetric vortex flow over
slender circular cones and highly swept flat-plate delta
wings with and without vertical fins, and slender elliptic cones of various eccentricities.

II.

Stability Condition for vortices in
Two Dimensions

A general stability condition for the motion of a vortex or a group of vortices in a two-dimensional space
is developed by the authors (Cai et al., 2001).19 The
results are summarized below.
Consider a system of vortices in two-dimensions. Assume one of the vortices in the system is located at
(x, y). As this vortex is moved in the physical plane,
other vortices in the system may move accordingly depending on the mode of motion under investigation,
for instance, a symmetric or an anti-symmetric motion, and to satisfy boundary conditions. Assume the
velocity for the vortex under consideration is a function of the vortex location (x, y), i.e.,

 u = u(x, y)


(1)

v = v(x, y)

The stationary points (x0 , y0 ) for the vortex satisfy

 u(x0 , y0 ) = 0


(2)

v(x0 , y0 ) = 0

When the vortex is perturbed from its stationary point
(x0 , y0 ) and then let go, the vortex will follow the
flow and may move back to its initial equilibrium position (stable), diverge from its initial equilibrium point
(unstable), or move periodically around the equilibrium point (oscillating, neutrally stable) or stay at the
initial perturbed position (non-oscillating, neutrally
stable). Let J0 be the Jacobian and D0 the divergence of the vortex velocity field q = (u, v) at (x0 , y0 ),
where
J=

∂u
∂x
∂v
∂x

D =∇·q=

∂u
∂y
∂v
∂y

(3)

∂u ∂v
+
∂x ∂y

(4)

The stability conditions by Cai et al. (2001)19 for the
vortex motion is summarized in Table 1.

Stable
Unstable
Neutral

Table 1

D0
<0
>0
any
=0
<0
=0

J0
>0
any
<0
>0
=0
=0

Comment

oscillating
non-oscillating
non-oscillating

Stability Condition for Vortex Motion.
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III.

Slender conical body and separation vor-

Inviscid Conical Flow Model for
Three-Dimensional Slender
Bodies

Consider the flow past a slender conical body of an
arbitrary symmetric cross section at an angle of attack α and zero sideslip as shown in Fig. 1. The
plane of symmetry of the body Oxz coincides with
the incidence plane of the flow. The body may have
a slender triangular flat-plate fin on the top and/or
the lower surface of the body in the plane of symmetry. The flow separates from the body surface along
symmetric separation lines with respect to the symmetry plane of the body. Although separations are
considered, the boundary layers that are responsible
for the separations are ignored and the separation positions are postulated based on other methods, e.g.,
experimental data. The flow is assumed to be steady,
inviscid incompressible, and conical.
Under the conical flow assumption, the separation
lines OS1 and OS2 are assumed to be rays starting
from the body apex O as shown in Fig. 1. In a real
flow, a pair of vortex sheets erupt from the separation lines OS1 and OS2 . They extend in the leeside of
the body and then roll tightly into two concentrated
vortices at a certain distance from the body. The
distributed vortex sheets that connect the separation
lines and the two concentrated vortices are neglected
since their strength is in general much smaller than
that of the two concentrated vortices. On the other
hand, the two concentrated vortices can be approximated as a pair of vortex lines OA1 and OA2 , which
are also assumed to be rays from the body apex O
under the conical flow assumption.
In an inviscid steady flow, a vortex line is a streamline. Based on experimental observations (e.g., Lim et
al.7 2001), the two vortex lines stay relatively close to
a slender body at high angles of attack. In addition,
both pairs of the separation lines and the vortex lines

are approximately conical rays coming off the body
apex O. The body together with the separation vortices as a whole may then be considered slender and
the flow may be assumed to be approximately conical in most part of the flow field except near the apex
of the conical body or the base of the body of finite
length, where neither the conical nor the slender body
(small disturbance) assumption is valid.
Since the two tightly rolled vortices are fed by the
vortex sheets coming off the separation lines on the
body, the strength of the two concentrated vortices in
our model must vary along the vortex lines directly in
proportion to the distance from O. It must be noted
that such an isolated vortex line with varying strength
violates Helmholtz law on vortex strength. Nevertheless, it is admitted here as an approximation. In
addition, there usually exists a secondary separation
point between the primary separation point and the
rear reattachment point in a practical flow. However,
the secondary separation vortex is in general much
weaker than the primary separation vortex. Therefore, the secondary vortex is ignored in the current
model.

IV.

Solution Method

The inviscid incompressible flow considered in the
above model is potential except at the centers of the
isolated vortices. The governing equation for the velocity potential is the three-dimensional Laplace equation
with zero normal flow velocity on the body surface as
the boundary condition. By the principle of superposition, the flow around the body can be obtained by
solving the following two flow problems: (1) The flow
due to the normal component of the freestream velocity; and (2) The flow due to the axial component of
the freestream velocity, both subject to zero normal
velocity at wall. We denote the velocity field of the
first problem by U1 and that of the second problem
by U2 .
In the first problem, the slender body is placed normal to the cross flow component Un = U∞ sin α. Since
the body is assumed to be slender, the velocity in the
z direction due to three-dimensional effects can be neglected. The flow in each cross section at z may then
be regarded as a two-dimensional flow across the local
cross sectional profile governed by the two-dimensional
Laplace equation with zero normal velocity at the wall.
Solution to this two-dimensional velocity field can be
obtained by conformal mapping or other analytical or
numerical methods. For the simple profiles such as circles and ellipses with or without fins, U1 can be easily
obtained by conformal mapping as was done in Cai
et al.19 (2001) and will be discussed in the following
sections.
The second problem corresponds to the flow past a
conical body with a freestream velocity Ua = U∞ cos α
and zero angle of attack. As shown in Fig. 1, consider
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the description of the same flow in two different but related coordinate systems. The first is the conventional
orthogonal system (x, y, z). The second is the nonorthogonal conical coordinate system (x0 , y 0 , r0 ). The
two coordinate systems are related by the following
affine transformation
(x0 , y 0 , r0 ) = (x/s, y/s, z)

(5)

where s is the semi-span of the body at z in the x-y
plane, which is related to the semi-apex angle of the
body ε by s = ztanε. The unit vectors of the two
coordinate systems are then related by the following
equation



 
1
0
0
e x0
ex

1
 ey  = 
 0
√ 2 0 2 2   ey0  (6)
x +y +z
−y
−x
er 0
ez
z

z

z

the velocity field U2 (x, y, z) can be described in the
first coordinate system as
U2 (x, y, z) = Up (x, y; z) + uz (x, y, z)ez

(7)

where

Un 0
(13)
(x ex0 + y 0 ey0 )
K
and K is the Sychev similarity parameter (Sychev, 20
1960)
K = tan α/ tan ε
(14)
Uc (x0 , y 0 ) = −

In the complex velocity form, Uc (x0 , y 0 ) becomes
uc − ivc = −

Un Z
Ks

From equation (12), the three-dimensional boundary
condition for U2 on the body surface can be expressed
as
(16)
[Up0 (x0 , y 0 ) + ur0 (x0 , y 0 )er0 ] · n = 0

where n = nc + nz ez is the normal vector to the threedimensional body surface and nc is the normal vector
to the two-dimensional cross sectional profile of the
body at a given z.
Notice that Up0 and ez are orthogonal and also er0 ·
n = 0 on the surface of the conical body. We obtain
the following two-dimensional wall boundary condition
for Up

where

Up (x, y; z) · nc = −Uc (x0 , y 0 ) · nc
Up (x, y; z) = ux (x, y; z)ex + uy (x, y; z)ey

(8)

The velocity potential for U2 (x, y, z) satisfies the
three-dimensional Laplace equation, subject to the
boundary condition of zero normal velocity at the
body surface. Under the assumption of small perturbations for slender bodies, however, uz (x, y, z) = Ua .
Consequently, the three-dimensional problem can be
simplified to a two-dimensional potential flow problem for the velocity vector Up (x, y; z). The subscript
p is used to indicate that the velocity field Up is a
potential flow and can be obtained by solving the twodimensional Laplace equation in the x-y plane with z
being a parameter for each cross section of the body.
The velocity field U2 depends only on x0 = x/s
and y 0 = y/s due to the conical flow assumption
that the flow velocities are constant along rays from
the body apex. Therefore, the velocity field U2 can
be described in the non-orthogonal conical coordinate
system (x0 , y 0 , r0 ) as
U2 (x, y, z) = Up0 (x0 , y 0 ) + ur0 (x0 , y 0 )er0

Up0 (x0 , y 0 ) = ux0 (x0 , y 0 )ex0 + uy0 (x0 , y 0 )ey0

(10)

With the help of Eqn. (6), Eqns (7), (8), (9) and (10)
give
p
ur0 (x0 , y 0 ) = Ua x2 + y 2 + z 2 /z
(11)

up − ivp =

Un s
KZ

(18)

where s = a is the radius of the cone at z. In the case
of the triangular flat-plate wing, the solution becomes
up − ivp = 0

(19)

since the right-hand-side of Eqn. (17) is zero for a zero
thickness flat-plate wing.
For more complex geometries, Up can be obtained
by a singularity method, e.g., by distributing point
sources within the body contour. The complex velocity
at the point Z = x + iy due to N point sources at
Zj = xj + iyj can be written as

and the relation between Up0 (x0 , y 0 ) and Up (x, y; z)
Up0 (x0 , y 0 ) = Up (x, y; z) + Uc (x0 , y 0 )

(17)

The velocity Uc (x0 , y 0 ) represents the flow velocity
drawn towards the body axis when the axial flow is decomposed into a velocity along the conical ray and the
velocity in the cross sectional plane. At the surface of
the body, the normal component of this velocity must
be canceled by the potential field Up . Physically, Up
represents the displacement effect of a non-zero thickness body.
Up0 is not a potential flow field but it can be obtained by solving the potential field Up in the twodimensional plane (x, y) subject to the boundary condition given by Eqn. (17). In the case of a circular
cone, the solution is simply one single point source,
which can be written in the complex velocity format
as

(9)

where

(15)

(12)

up − ivp =

N
1 X Qj
2π j=1 Z − Zj
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(20)

where Qj is the strength of the point sources and
Qj (j = 1, 2, ...N ) are to be determined by N simultaneous equations of the boundary condition on the
body contour.
Notice that U1 and Up (x, y; z) depend only on
x0 and y 0 . On superposition, the complete threedimensional flow field is represented in the nonorthogonal conical coordinate system as
U(x0 , y 0 ) = V(x0 , y 0 ) + ur0 (x0 , y 0 )er0

(21)

where
V(x0 , y 0 ) = U1 (x0 , y 0 ) + Up (x0 , y 0 ) + Uc (x0 , y 0 ) (22)
Notice that V(x0 , y 0 ) is a two-dimensional velocity vector field in the plane (ex0 , ey0 ) and the ur0 (x0 , y 0 )er0
term in Eqn. (21) is a velocity component in the ray
direction er0 which does not contribute to the flow
velocity in the plane (ex0 , ey0 ). Consequently, the
stability of the flow system can be analyzed by studying only the two-dimensional ’flow field’ in Eqn. (22)
V(x0 , y 0 ). The vortex stability condition by Cai, et
al19 (2001) as summarized in Table 1 will then readily
apply.

V.

Slender Circular Cones

A circular cone of semi-apex angle ε at an angle of
attack α and no sideslip is considered. Fig. 2 shows the
circular cross section of the body at a given distance
from the apex, where a is the radius of the circular
cross section, hW and hL are the heights of the windward and leeward splitter plates that may be added
to the cone. The separation lines are postulated to be
symmetric with respect to the incidence plane Oxz.
The position of the separation line OS1 is specified by
the angle θ0 in the x-y plane measured in the anticlockwise direction starting from the leeward side end
of the cone. In the cross flow plane, the initially stationary symmetric vortices of strength Γ are located
at Z0 = x0 + iy0 and Z0 = x0 − iy0 . By the method
presented in the proceeding sections, the velocity at
any point Z = x + iy except the vortex points Z0 and
Z0 is given in the complex velocity form

iΓ
1
2
2
u − iv = Un (1 − a /Z ) +
2π Z − Z0

1
1
1
−
+
−
Z − a2 /Z0
Z − Z0
Z − a2 /Z0
−

Conditions on Vortex Location,
Separation, and Reattachment

For an inviscid flow, a stationary vortex line must
be a streamline. In the current conical model, the
vortex lines are assumed to be rays coming off the
body apex. Therefore, the flow velocity V(x0 , y 0 ) in
the cross sectional plane must be zero at the center of
each vortex. This provides the condition for stationary
vortex positions. Notice, however, the induced velocity
on a vortex line due to the vortex itself is zero. This
is justified by replacing the vortex line by the Rankine
vortex filament (for example Saffman21 1992). At the
center of the vortex filament, the induced velocity by
the vortex itself is zero.
The separation and reattachment lines are also assumed to be conical rays on the body surface from the
body apex. The flow velocity must be tangential to
these lines. The velocity on either side of a separation
line must move towards the line, whereas the velocity near a reattachment line must move away from the
line. This corresponds to the condition that the velocity V(x0 , y 0 ) must be zero for both separation and
reattachment points and must move towards a separation point and move away from a reattachment point.

VI.

A.

Analyses of Typical Slender
Conical Bodies

The above flow model and stability theory are used
in this Section to analyze the stability of symmetric
vortices over a number of typical slender conical bodies. Comparisons with experimental data are made
whenever available.

Un Z
Un a
+
aK
KZ

(23)

On the right hand side of the above equation, the first
two terms are the U1 term due to the normal velocity
component of the freestream flow Un , and the last two
terms are due to the axial velocity component of the
freestream flow Ua , namely Eqns. (15) and (18). The
tangential velocity on the body contour is obtained
by substituting Z = aeiθ in Eqn. (23). The velocity
at the vortex point Z0 is obtained by removing the
induced velocity term due to the vortex at Z0 itself,
i.e.,

1
iΓ
2
2
−
u0 − iv0 = Un (1 − a /Z0 ) +
2π
Z0 − Z 0

1
1
−
+
Z0 − a2 /Z0
Z0 − a2 /Z0
−

Un Z0
Un a
+
aK
KZ0

(24)

The stationary symmetric vortex position Z0 and the
vortex strength Γ are determined by solving the following three simultaneous equations for x0 , y0 , and
Γ. Two equations are from Eq. (24), by requiring
u0 − iv0 = 0. Another condition requires that the flow
velocity given by Eqn. 23 be zero at a separation point
Z = aeiθ0 to determine the separation location θ0 on
the wall. The velocities on both sides of θ = θ0 must
be towards the point θ = θ0 .
As an example, consider the case of a circular cone
with semi-angle ε = 8◦ at an angle of attack α = 38◦ ,
corresponding to K = 5.5591. Fig. 2 shows a cross section of the body. The solid lines off the circular body
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Fig. 2 Stationary vortex line for a circular cone
with or without fin, K = 5.5591.
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Fig. 3
Stationary vortex position and vortex
strength vs. separation angle for a circular cone,
K = 5.5591.

are locations where the two symmetric vortices can be
stationary while resulting in a flow field with separation points on the body surface. The strength and
position of the vortices vs. the separation angle are
plotted in Fig. 3. As the vortices move away from the
rear stagnation point along the stationary path, the
vortex strength increases monotonically and the separation angle increases from 0◦ to about 100◦ . Further
movement along the path results in a flow field that
has no separation point on the surface of the circular
body. This is marked by the dashed lines in Fig. 2.
The stationary symmetric vortex positions obtained
by the present analytical method for different values
of the similarity parameter K at the separation angle
θ0 = 34◦ are compared in Fig. 4 with the numerical solutions given by Dyer et al. (1982),12 who used
Bryson’s vortex line model for the slender circular cone
in an incompressible inviscid flow. The results agree
well at large K values. The differences at lower K values may be attributed to the differences in the models

Fig. 4
Stationary symmetric vortex position
for a circular cone, comparison with Dyer et al.
(1982),12 θ0 = 34◦ .

used by the two methods. Fig. 4 also shows the vortex
strength vs. K for this case.
To study their stability, the symmetric vortices are
slightly perturbed from their stationary positions, i.e.,
from Z0 and Z0 to Z1 and Z2 , respectively. Only positions on the solid part of the stationary lines in Fig. 2
are considered since the solutions with the vortices on
the dashed lines are non-physical. The strength of the
vortices is kept constant because the perturbations are
small and instant. The complex velocity at the vortex located at Z1 is found by removing the induced
velocity term due to the vortex at Z1 itself.

iΓ
1
2
2
u − iv = Un (1 − a /Z1 ) +
−
2π
Z1 − Z 2

1
1
+
−
Z1 − a2 /Z1
Z1 − a2 /Z2
−

Un Z1
Un a
+
aK
KZ1

(25)

The stability conditions outlined in the previous section are then applied to the above equation in terms of
Z1 . The perturbation is decomposed into a symmetric
perturbation and an anti-symmetric perturbation. For
a symmetric perturbation,
Z1 = Z0 + ∆Z,

Z2 = Z0 + ∆Z

(26)

For an anti-symmetric perturbation,
Z1 = Z0 + ∆Z,

Z2 = Z0 − ∆Z

(27)

where ∆Z = ∆x+i∆y is the perturbation, and |∆x| 
a, |∆y|  a. After inserting Eqns. (26) and (27) into
Eqn. (25), we can then easily calculate the divergence
and Jacobian of the vortex velocity field (u, v) either
analytically or numerically.
It is shown by Cai et al.19 (2001) that D0 is zero
in the pure two-dimensional case. Thus, symmetric
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Divergince and Jacobian vs.
angle for a circular cone, K = 5.5591.
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Fig. 6 Divergence and Jacobian vs. similarity parameter for a circular cone, θ0 = 34◦ .

vortices behind a cylinder of any shape can only be
neutrally stable (J0 ≥ 0) or unstable (J0 < 0). Fig. 5
shows the dimensionless divergence D0 and the dimensionless Jacobian J0 at (x0 , y0 ) versus the separation
angle θ0 for the three-dimensional circular cone case
when K = 5.5591. For simplicity, D0 and J0 in Fig.
5 and all other figures denote the dimensionless values D0 L/Un and J0 L2 /Un2 , respectively, where L is a
length scale. In this case L = a. It is seen that D0 is
a non-zero constant for both the symmetric and antisymmetric perturbations. In fact, D0 is produced by
Uc in Eqn. (13) or (15), which is induced by the axial
component Ua of the incoming flow and is valid for
all the slender conical bodies. The other terms of the
vortex velocity expression of Eq. (25) have no contribution to D0 .

a circular cone of a given apex angle, this means that
the asymmetry tendency for the initially symmetric
vortex pair increases as the angle of attack α increases.
It is known from experimental data that the vortices
become asymmetric for the circular cone when K is
approximately 2 (for example, Keener et al.2 1977).
This is not well predicted by the present simplified
model, as Fig. 6 shows that the symmetric vortices are
unstable under anti-symmetric perturbations when K
is as low as 1.5 with the postulated separation point
θ0 = 34◦ .
Figs. 3 and 4 show that the vortex coordinates x
and y remain close to the conical body. This indicates
that the slenderness assumption of the body-vortex
combination is a good assumption even for large values
of K and the separation angle. This is true for all other
cases studied in this paper.

D0 = −

2Un
aK

(28)

Therefore, for the slender conical body, the initially
symmetric vortices are stable, neutrally stable or unstable, when the Jacobian, J0 > 0, J0 = 0, or J0 < 0,
respectively, according to the stability conditions listed
in Table 1.
Fig. 5 shows that the Jacobian J0 for symmetric perturbations is always greater than zero and the
Jacobian J0 for anti-symmetric perturbations is always less than zero for K = 5.5591, indicating that
the symmetric vortices over the circular cone are stable under symmetric perturbations and unstable under anti-symmetric perturbations. Thus, the initially
symmetric vortex flow over the slender circular cone
tends to become asymmetric. This agrees with the
well known experimental results, e.g., Asghar et al. 22
(1994).
The dependence of the vortex stability on the similarity parameter K for a fixed separation position
θ0 = 34◦ is shown in Fig. 6. It is seen that the vortex
instability increases monotonically as K increases. For

B.

Slender Circular Cones with Fins

The two-dimensional stability analyses by Cai et
al.19 (2001) show that adding a flat-plate fin of sufficient length to the rear end of a circular cylinder
stabilizes the symmetric vortices behind the circular
cylinder under anti-symmetric perturbations.
In three dimensions this is equivalent to adding a
triangular flat-plate fin on the leeside of the circular
cone in the symmetry plane. In general, a windward
side fin of this type may also be added. A cross section
of a circular cone with both the leeward and windward
fins corresponds to a two-dimensional circular cylinder
of radius a with a leading fin and a trailing fin as shown
in Fig. 2. The two fins are characterized by the heights
hW and hL measured from the center of the cylinder.
The radius of the circle and the height of the fins must
scale linearly with the distance z of the cross section
from the nose of the circular cone. Thus, the ratios
hW /a and hL /a determine the relative size of the fins
to the circular cone.
The two-dimensional stability analysis in Cai et al. 19
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Un a
Un Z1
+
aK
KZ1

Xm =
a1 =

(a2 + h2L ) (a2 + h2W )
−
4hL
4hW
(a2 + h2L ) (a2 + h2W )
+
4hL
4hW
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0
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Divergence ( symmetric )
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Jacobian ( anti-symmetric )

-0.2
-0.3
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Fig. 7 Divergence and Jacobian vs. leeward fin
height for a circular cone, K = 4.9822, θ0 = 85◦ , hW =
0.0.

0.1
0
-0.1
Divergence ( symmetric )
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Divergence ( anti-symmetric )
Jacobian ( anti-symmetric )

-0.2
-0.3
-0.4

(29)
-0.5

where the subscript 1 denotes the values at Z = Z1 or
ζ = ζ1 . The conformal mappings are


a2
1
Z+
(30)
ζ0 =
2
Z


a2
1
ζ+ 1
(31)
ζ 0 − Xm =
2
ζ
where

0.2

J0 and D 0

(2001) then suggests that adding a fin of sufficient
size in the leeside may stabilize the vortices over a
three-dimensional circular cone discussed in the previous section. Indeed, Asghar et al.22 (1994) performed
wind tunnel experiments of a circular cone of the semiapex angle ε = 8◦ with and without a fin at an angle
of attack α = 35◦ (K = 4.9822). Measured circumferential pressure distribution and the ratio of side forces
to normal forces along the cylinder indicate the flow
behind the cone is asymmetric without a fin. When
a leeward side fin of the size hL /a = 2 is added to
the circular cone, the flow becomes symmetric. Threedimensional analysis of this problem is performed.
Since the fin is located in the symmetry plane of the
body, it has no effect on the symmetric flows. The
stationary symmetric vortex position and strength as
function of θ0 are the same as those of the circular
cone without the fin (see Fig. 3).
By using the results of Section 5 of Cai et al.
(2001)19 and following the procedures of the above
section, the complex velocity at the vortex point Z 1
is obtained by a limiting process (see Rossow 23 1978).


1
iΓ
2
2
−
u − iv =
Un (1 − a1 /ζ1 ) +
2π
ζ1 − ζ 2
  
1
dζ
1
−
+
2
2
dZ
ζ1 − a1 /ζ1
ζ1 − a1 /ζ2
1
 2    2
iΓ d Z
dζ
−
4π dζ 2 1 dZ 1

(32)
(33)

and from Eqs. (30) and (31)
dζ
ζ 2 (Z 2 − a2 )
= 2 2
(34)
dZ
Z (ζ − a21 )


a2 Z 3 (ζ 2 − a21 )2
2
d2 Z
2 2
a
Z
−
(35)
=
dζ 2
(Z 2 − a2 )ζ 3 1
(Z 2 − a2 )2 ζ

It is noted that when the two vortex points are not
symmetric with respect to the real axis, vortices will
be shed from the sharp edges of the fins to satisfy

1

1.5

2

2.5

3

3.5

Leeward Fin Height , hL/a

Fig. 8 Divergence and Jacobian vs. leeward fin
height for a circular cone, K = 4.9822, θ0 = 95◦ , hW =
0.0.

Kutta condition. Under the small perturbation assumption, however, the strength of such vortices is
much weaker than that of the original symmetric vortex pair. Therefore, the shed vortex is ignored in Eq.
29 for the anti-symmetric perturbation investigation.
The transformed values ζ1 and ζ2 of Z1 and Z2 can
be obtained by Eqns. (30) and (31). The symmetry
properties preserve under the conformal mappings as
long as the perturbation is small.
Asghar et al.22 (1994) gives wind tunnel test results
for a circular cone of semi-apex angle ε = 8◦ with a leeward fin of hL /a = 2.0 at an angle of attack α = 35◦
(K = 4.9822). The Reynolds number based on the
base diameter D is ReD = 1.42 × 105 . The separation
angle is estimated to be 85◦ < θ0 < 95◦ . The measured
circumferential pressure distribution in a cross section
and the distribution of the ratio of side force to normal
force along the axis of the circular cone indicate that
the flow becomes symmetric when the fin is added.
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Fig. 9 Critical fin height vs. separation angle for
a circular cone with fin, K = 5.5591, hW = 0.0.

0.03

0

J0

-0.03

der anti-symmetric perturbations versus the fin heights
hL /a or hW /a for θ0 = 100◦ and K = 5.5591. The corresponding divergence D0 is given by Eq. (28) and is
always negative. The Jacobian under symmetric perturbation is always positive. The line with circles in
Fig. 10 shows J0 versus the leeward fin size hL /a when
a windward fin is not used (hW /a = 0). Although
a leeward fin with hL /a > 2.5 greatly improves the
stability of the vortices, a leeward fin alone cannot
suppress vortex asymmetry no matter its size. The
line with triangles shows J0 versus hW /a when the
leeward fin is fixed with hL /a = 2.0. Adding a windward fin does not improve the stability of the vortices
in this case. With a larger leeward fin hL /a = 3.0 as
shown by the line with squares in Fig. 10, however,
addition of a windward fin of the size hW /a ≥ 2.2022
makes the initial unstable vortices stable. Further calculations indicate that if hL /a ≥ 2.6295, there exits
a windward fin of finite height to suppress the vortex asymmetry, otherwise no such windward fin exists.
Similarly, if hW /a ≥ 2.1852, there exists a leeward fin
of finite height to suppress the vortex asymmetry, otherwise no such leeward fin exists. If an equal height is
required for the leeward and windward fin to suppress
the vortex asymmetry, hL /a = hW /a ≥ 2.7259.
C.

-0.06
Leeward fin ( hW/a = 0.0 )
Windward fin ( hL/a = 2.0 )
Windward fin ( hL/a = 3.0 )

-0.09

-0.12

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

Fin Height , hL/a or hW/a

Fig. 10
Jacobian under anti-symmetric perturbations vs. leeward or windward fin height for a
circular cone, K = 5.5591, θ0 = 100◦ .

The present stability analyses are applied to this experimental case. Figs. 7 and 8 show the dependence
of D0 and J0 on hL /a with K = 4.9822 at θ0 = 85◦
and θ0 = 95◦ , respectively. It is seen from Fig. 7 that
for θ0 = 85◦ , the vortex flow changes from unstable
to stable at hL /a = 1.7828, which is defined as the
critical height of the fin. From Fig. 8, the critical
height is 2.3833 for θ0 = 95◦ . The present analytical
result agree with the experimental results that a fin
of hL /a = 2 largely suppresses the vortex asymmetry
that is present on the cone without the fin.
Fig. 9 shows the dependence of the critical height of
the leeward fin on the circular cone on the separation
angle θ0 for K = 5.5591. At this value of K, the
critical height of the leeward fin increases with θ 0 and
increases rapidly when θ0 approaches 100◦ .
An additional flat-plate triangular fin on the windward side is needed to suppress the vortex asymmetry when the separation point is at θ0 ≥ 100◦ and
K = 5.5591. Fig. 10 shows the variation of J0 un-

Slender Flat-Plate Delta Wing

The stability of the stationary vortex pair over the
slender flat-plate delta wing was studied by Huang et
al.18 (1996) using the same simplified vortex model
but a different method of stability analysis. They gave
the stationary symmetric vortex position and strength
versus K for 0.2 ≤ K ≤ 2.0, and showed that the
vortex flow is stable under small perturbations in the
region 0.2 ≤ K ≤ 2.0. The present stability theory
is conveniently applied to study this problem and we
extend the range of K investigated by Huang et al. 18
(1996). Fig. 11 gives the stationary vortex position
and strength versus the similarity parameter K in the
range of 0 to 10 for the slender flat-plate wing. The
curves exactly overlap with the solutions by Huang,
et.al18 (1996) in the range of K calculated by them.
Fig. 12 shows that the symmetric vortex pair is
stable under small symmetric and anti-symmetric perturbations for the entire range 0 < K ≤ 10. It can
be seen that the degree of stability decreases monotonically as K increases and neutral stability is approached as K becomes large. Stahl24 (1993) carried
out flow-visualization experiments in a water tunnel.
The Reynolds number based on the length of the model
is ReL = 2.8 × 104 . The delta wing model has sharp
edges, a semi-apex angle ε = 8◦ , and angle of attack
α = 38◦ (i.e. K = 5.5591). The experiments show that
the leading-edge separation vortices over the wing remain symmetric before vortex break down occurs on
the wing. This agrees with the predictions by Fig. 12.
Smith et al.17 (1975) show that the two-dimensional
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Fig. 11 Stationary vortex position and strength
vs. similarity parameter for a triangular flat-plate
wing, comparison with Huang and Chow (1996).18

Fig. 12 Divergence and Jacobian vs. similarity
parameter for a triangular flat-plate wing.

inviscid incompressible flow around a flat-plate normal
to the freestream velocity has no stationary symmetric
vortices behind the plate. In the corresponding threedimensional case, however, such stationary symmetric
vortices do exist over the slender flat-plate delta wing.
The mechanism for the existence of such vortices in
the three-dimensional case is the velocity Uc in Eqn.
(13) induced by the axial component of the freestream
velocity at the vortex, which tends to pull the vortex
pair towards the center line of the flat-plate delta wing.
Under anti-symmetric perturbations, the symmetric vortex pair is unstable for the slender circular cone
and is stable for the slender flat-plate wing. The reasons for this difference are the thickness effects of the
circular cone in both the U1 and U2 parts of the solution discussed in Section 4. The instability effect
due to thickness of the circular cone in the normal
flow part is similar to that for the circular cylinder in
the freestream flow which is to push the vortices away
from the body. In addition, thickness of the circular cone also causes an effective expansion of the flow
by a source term given in Eq. (18). In light of this,
flow suction at the surface of the circular cone might
be used to help stabilize the symmetric vortex pair at
high angles of attack.
D.

Slender Flat-Plate Delta Wing with Fin

Shanks8 (1963) in his subsonic flow measurements
found that the leading edge symmetric vortices over
the flat-plate delta wing with ε = 6◦ and a centerline
spline of the height h/s = 0.5 became asymmetric at
α ≥ 24◦ . This contradicts the observations by Stahl et
al.6 (1992). Ericsson3 (1992) claimed that the vortex
asymmetry was not due to hydrodynamic instability
but rather likely due to asymmetric reattachment in
the presence of the centerline spline on the leeside of
the Shanks’ wing model. This controversy leads to the
following study of the vortex stability over the delta

wing with a triangular flat plate fin in the leeside of
the wing.
The contour of the slender flat-plane delta wing
with a fin of the height h in the cross flow plane is
mapped conformally into a circle by the three consecutive transformations.


s2
1
ρ−
(36)
Z=
2
ρ


s2
1
0
ρ+
(37)
ζ =
2
ρ


1
s1 2
0
ζ − ξm =
ζ+
(38)
2
ζ
where
ξm =

(s − h1 )2
4h1

(s + h1 )2
4h1
√ 2
h1 = h + h + s 2
s1 =

(39)
(40)
(41)

where s1 is the radius of the circle in the plane ζ. The
freestream flow velocity Un in the plane Z is transformed into Un /2 in the plane ζ. The complex velocity
at the vortex Z1 in the plane Z is given by Eq. (29)
with Un replaced by Un /2, a replaced by s and a1
replaced by s1 . The last term in Eq. (29) must be
2
dζ
and ddζZ2 are given below
removed and dZ
dζ
2ζ 2 (ρ2 − s2 )
= 2
dZ
(ζ − s21 )(ρ2 + s2 )
d2 Z
s21 (ρ2 + s2 ) 2s2 ρ3 (ζ 2 − s21 )2
=
−
dζ 2
(ρ2 − s2 )ζ 3
ζ 4 (ρ2 − s2 )3

(42)
(43)

The divergence D0 and the Jacobian J0 at the
stationary vortex position Z0 under symmetric and
anti-symmetric perturbations are evaluated from the
complex velocity expression, and shown in Fig. 13 as
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and (2) h/s = 0.5. Fig. 14 shows the Jacobian J0 versus the similarity parameter K under symmetric and
anti-symmetric perturbations. When h/s = 0.2, the
onset of the vortex flow asymmetry is at K = 4.4414,
and when h/s = 0.5, the onset is at K = 2.4929.
The experimental onset for the Shanks’ model is at
K = 4.2361. These results strongly suggest that the
vortex asymmetry over the delta wing by Shanks and
most likely other slender conical bodies is due to hydrodynamic instability.

1.2
Divergence ( symmetric )
Jacobian ( symmetric )
Divergence ( anti-symmetric )
Jacobian ( anti-symmetric )

D 0 and J0

0.8
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0

E.
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Fin Height , h/s

Fig. 13 Divergence and Jacobian vs. fin height for
a triangular flat-plate wing with fin, K = 4.0.

4.5
Symmetric ( h/s = 0.2 )
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Symmetric ( h/s = 0.5 )
Anti-symmetric ( h/s = 0.5 )

J0

3

The flat-plate delta wing and the circular cone can
be seen as the limiting cases of an elliptic cone of thickness ratio τ (half-thickness/semi-span) as τ approaches
0 and 1, respectively. It is interesting to investigate
how the stability property of the symmetric vortex flow
over the slender elliptic cone changes from unstable to
stable as the thickness ratio decreases from 1 to 0.
The conformal mapping for the ellipse in the plane Z
to the circle of unit radius in a uniform flow of velocity
Un /2 in the plane ζ is


λ
1
ζ+
(44)
Z=
2
ζ
1−λ
where c = 1+λ
2 and b = 2 are the semi-axes of the
ellipse along the x and y axes, and τ = c/b. Thus,

1.5

dζ
2ζ 2
= 2
dZ
ζ −λ

0

-1.5

Slender Elliptic Cone

0

2

4

6

8

10

Similarity Parameter , K

Fig. 14 Jacobian vs. similarity parameter for a
triangular flat-plate wing with fin, h/s = 0.2 and
h/s = 0.5.

a function of the fin height h/s for K = 4.0. It is seen
that D0 and J0 are constants under symmetric perturbations as they should be. Under anti-symmetric perturbations, J0 begins with positive value but decreases
to zero as h/s increases to 0.2216. It then becomes negative and remains negative until h/s = 1.2474. Thus,
according to our stability theory, adding a small leeside fin in the range of 0.2216 < h/s < 1.2474 causes
the initially stable vortices over the delta wing to become unstable. Only when h/s > 1.3059 will the fin
start to enhance the stability of the vortices compared
to without the fin.
The front part of the Shanks’ wing model, from the
apex as far back as x = c0 /2 (c0 is the root chord
of the wing), resembles a flat-plate delta wing with a
flat-plate triangular fin of the height h/s ≈ 0.5. In
the rear part 1/2 ≤ x/c0 ≤ 1 of the model, the centerline spline has a constant height equal to that at
x = c0 /2. In order to compare with Shank’s experimental setup, two cases are studied: (1) h/s = 0.2

(45)

d2 Z
λ
= 3
(46)
2
dζ
ζ
To determine the stationary symmetric vortex position
Z0 and the vortex strength Γ, the tangential velocity
on the elliptic contour is computed from the complex
velocity expression


Un
iΓ
1
2
u − iv =
(1 − 1/ζ ) +
2
2π ζ − ζ0
  
1
dζ
1
1
−
−
+
ζ − 1/ζ0
dZ
ζ − ζ0
ζ − 1/ζ0
n
1 X Qj
Un Z
+
(47)
−
bK
2π j=1 Z − Zj
To study the vortex stability the complex velocity at
the vortex Z1 is given by


Un
1
iΓ
2
u − iv =
−
(1 − 1/ζ1 ) +
2
2π
ζ1 − ζ 2
  
1
dζ
1
+
−
dZ
ζ1 − 1/ζ1
ζ1 − 1/ζ2
1
 2    2
iΓ d Z
dζ
−
4π dζ 2 1 dZ 1
n
Un Z1
1 X Qj
−
+
(48)
bK
2π j=1 Z1 − Zj
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Fig. 15 Stationary vortex position and strength
vs. thickness ratio for an elliptic cone, K = 5.5591,
θ0 = 90◦ .

Fig. 17 Critical thickness ratio vs. similarity parameter for an elliptic cone, θ0 = 90◦ .
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Fig. 16 Divergence and Jacobian vs. thickness
ratio for an elliptic cone, K = 5.5591, θ0 = 90◦ .

Stahl24 (1993) presented the top and side views of
the vortex configurations on the leeside of the delta
wing and the elliptic cones with the thickness ratio
τ = 0.40, 0.65, and 1.0, for ε = 8◦ at an angle of
attack α = 38◦ (i.e., K = 5.5591). The main results
showed that the degree of asymmetry of the vortex
flow behind the elliptic cones decreases as the cone
becomes flatter.
To compare with the experimental observation, Fig.
15 gives the stationary vortex position and strength
and Fig. 16 plots D0 and J0 versus τ for the slender elliptic cone for K = 5.5591 and θ0 = 90◦ . The
vortices change from being unstable to stable as τ decreases from 1 to 0. The critical thickness ratio for
this transition is at τ = 0.389. The agreement with
Stahl’s experimental observations is good on consideration that the separation position θ0 was not given for
the experiments by Stahl24 (1993).
Fig. 17 shows the critical thickness ratio for the slender elliptic cone versus K for θ0 = 90◦ . The critical

Fig. 18 Divergence and Jacobian vs. similarity
parameter for an elliptic cone, τ = 0.35, θ0 = 90◦ .

thickness of the elliptic cone has the maximum value
τ = 0.4341 at K = 3.618. Using vortex sheet and
vortex line models, Fiddes et al.13 (1989) compute
numerically the vortex flow over slender elliptic cones
and find that the vortices become essentially symmetric as the thickness ratio τ is decreased from 1 to 0.52
for the postulated separation position located at the
leading edge, i.e., θ0 = 90◦ and α/ε = 4.0. From Fig.
17 the critical thickness ratio τ at K = 4.0 is 0.431,
which is lower than 0.52 predicted by Fiddes et al. 13
(1989). It is noted that α/ε = 4.0 given by Fiddes et
al.13 (1989) is approximately equivalent to K = 4.0
when ε is small.
Fig. 17 shows that the critical thickness ratio increases with increasing K until K reaches 3.618 for
θ0 = 90◦ . This appears to be counter intuitive. Fig. 18
shows the Divergence D0 and Jacobian J0 for the slender elliptic cone with the thickness ratio τ = 0.35 and
θ0 = 90◦ . It is seen that the symmetric vortices remain
stable in the finite interval of 2.3689 ≤ K ≤ 6.5574.
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Fig. 19
Stationary vortex position and vortex
strength vs. separation angle for an elliptic cone,
τ = 0.10, K = 4.0.
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Fig. 20 Divergence and Jacobian vs. separation
angle for an elliptic cone, τ = 0.10, K = 4.0.

There is no available experimental data to verify this
result.
Using tuft-grid surveys at low speeds, Bird4 (1969)
observed that the asymmetric vortex flow over a slender flat-plate delta wing model with a rounded leading edge and a semi-apex angle ε = 3.5◦ occurs at
α ≥ 15◦ , which disagrees with the observations by
Stahl et al.6 (1992), who used wing models with sharp
leading edges. To investigate this controversy, a slender elliptic cone of thickness ratio τ = 0.1 is considered
for K = 4.0. The separation point may vary slightly
around the round leading edge of the elliptic cone wing.
Fig. 19 plots the stationary vortex position and vortex
strength vs. the separation angle θ0 . Fig. 20 plots the
divergence D0 and Jacobian J0 vs. the separation angle θ0 . The vortices are stable when the separation is
exactly at the leading edge of the wing (θ0 = 90◦ ).
When the separation point moves from the leading
edge to the windward side the symmetric vortex pair
remains stable, but when the separation point moves

Fig. 21 Divergence and Jacobian vs. similarity
parameter for an elliptic cone, τ = 0.10, θ0 = 88◦ .

to the leeward side of the leading edge the vortices
become less stable. They become neutrally stable at
θ0 = 89.17◦ and unstable when θ0 < 89.17◦ . The coordinates of this critical separation point (θ0 = 89.17◦ )
are x/b = 0.014337 and y/b = 0.989668. They are
very close to the coordinates of the leading edge at
x/b = 0.0 and y/b = 1.0. Bird4 (1969) did not provide
details of his wing profile nor measurement of separation angles. If his wing model were to be represented
by our elliptic cone with τ = 0.1, the critical separation
angle would be θ0 = 89.3◦ with K = 4.0 and ε = 3.5◦
given by his experiment. The asymmetry observed
by Bird4 (1969) may be due to such slight changes in
the separation position on the round leading edge of
his experimental models. This agrees with the experimental results of Lim et al.7 (2001) on flat-plate wing
of ogive-shaped planform with sharp/rounded tip and
edges. For lack of experimental data on the separation position, no further quantitative comparison of
the present analyses with Bird’s experimental results
is made here. It is clear, however, that the symmetry configuration of the leading-edge separated vortex
flow over a highly swept delta wing can be controlled
by slightly changing the separation position around
the leading edge.
Fig. 21 shows D0 and J0 versus K for the elliptic
cone with τ = 0.1 and θ0 = 88◦ . The coordinates of
this separation point (θ0 = 88◦ ) are x/b = 0.03297
and y/b = 0.94409. The symmetric vortices over a
delta wing with this elliptic profile become unstable at
K = 2.3658.
To appreciate the physical meaning of the stability
conditions in terms of D0 and J0 , Fig. 22 and 23 show
the vortex velocity field under anti-symmetric perturbations for the separation positions θ0 = 90◦ and 85◦ ,
respectively. The velocity vectors in Fig. 22 is drawn
into the stationary point while circling around it. This
is because the divergence D0 is negative at the stationary point and the positive J0 makes the eigenvalue for
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without fins, and slender elliptic cones of various eccentricities are studied. The following conclusions are
drawn.

0.8496

1. Stationary symmetric vortices exist over circular cones and are stable under small symmetric perturbations, but unstable under small antisymmetric perturbations.

y/b

0.84959

2. For highly swept flat-plate delta wing, the vortex
flow over the wing is stable under small perturbations and thus remains symmetric before vortex
breakdown occurs on the wing.

0.84958

0.84957

0.7934

0.79341

0.79342

0.79343

0.79344

0.79345

x/b

Fig. 22 Velocity of vortex under anti-symmetric
perturbations for the flow over an elliptic cone, τ =
0.1, K = 4.0, θ0 = 90◦ (stable case).

3. For slender elliptic cones of various thickness ratios (half-thickness /semi-span) at high angles of
attack, the degree of the vortex asymmetry decreases monotonically as the thickness ratio decreases from 1 to 0.
4. The vortex asymmetry over a slender circular cone
can be suppressed by adding a flat-plate triangular fin of sufficient height in the incidence plane of
the cone. When the separation lines are located
on the leeside of the cone, a fin on the leeward side
is sufficient. When the separation lines are on the
windward side of the cone, fins on both leeward
and windward sides are needed to suppress the
vortex asymmetry.

0.41695

0.41694

0.41693

5. A fin of very low height added to a slender circular
cone or a flat-plate triangular wing, however, has
the opposite effect, i.e., it destabilizes the vortex
flow.

y/b

0.41692

0.46276

0.46277

0.46278

0.46279

0.4628

0.46281

x/b

Fig. 23 Velocity of vortex under anti-symmetric
perturbations for the flow over an elliptic cone, τ =
0.1, K = 4.0, θ0 = 85◦ (unstable case).

the motion of the vortex contain an imaginary part
that gives rise to the oscillatory motion (see Cai et
al.19 2001).
Fig. 23 shows an unstable case when J0 < 0. Although D0 is still negative in this case, a negative J0
renders at least some velocity vectors to leave the stationary point, which leads to possible runaway of the
vortex when slightly perturbed from its stationary location.

VII.

Conclusions

The onset of asymmetry of initially symmetric vortex flow over slender conical bodies at high angles of
attack at low speed is identified as a result of vortex
stability under small anti-symmetric perturbations by
a simplified line vortex inviscid model with postulated
symmetric separation positions and using a new stability condition by the authors. Problems of slender
circular cones and highly swept delta wings with and

6. Vortices over highly swept thin delta wings with
round leading edges are sensitive to slight changes
of the separation position around the leading
edge. A slight shift from the leading edge to a
nearby point on the leeside of the wing may lead
to the onset of vortex asymmetry at some high
angle of attack.
7. It is the effect of the axial velocity component on
the vortex line which pulls the vortex line towards
the body axis (Uc in Eqn. (13)) that helps to
trap and stabilize the symmetric vortex pair over
a three-dimensional body at high angles of attack.
Due to the lack of this effect, a symmetric vortex
pair in a two-dimensional flow can never be stable.
8. Body thickness in the incidence plane pushes the
vortex line away from the body axis and decreases
the stability of the symmetric vortex pair.
9. For all the three-dimensional bodies studied, the
symmetric vortex pair over the body is stable under small symmetric perturbations, and may be
unstable, neutrally stable, or stable under antisymmetric perturbations depending on the thickness ratio, the separation position and the Sychev
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similarity parameter. In general the vortices become less stable with increasing thickness ratio,
more stable as the flow separation moves towards
the windward side of the body, and less stable
with increasing Sychev parameter.
10. For all the slender conical bodies studied, the distance between the separation vortex and the body
axis has the same order of magnitude as the body
lateral dimension for all possible separation positions and K as high as 10. This verifies the
validity of the assumption that the body and its
separation vortices as a whole is slender in the
current model.
11. Agreement with known experimental observations
indicate that the analysis presented in this paper
is able to predict qualitative features of the high
angle of attack flow around slender conical bodies.
The presented stability analysis strongly supports
the belief that the occurrence of vortex asymmetry over slender bodies at high angles of attach is
due to hydrodynamic instability.
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